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Abstract We evaluate the two-photon exchange (TPE)
correction to the muon–proton elastic scattering at small
momentum transfer. Besides the elastic (nucleon) intermedi-
ate state contribution, which is calculated exactly, we account
for the inelastic intermediate states by expressing the TPE
process approximately through the forward doubly virtual
Compton scattering. The input in our evaluation is given by
the unpolarized proton structure functions and by one sub-
traction function. For the latter, we provide an explicit eval-
uation based on a Regge fit of high-energy proton structure
function data. It is found that, for the kinematics of the forth-
coming muon–proton elastic scattering data of the MUSE
experiment, the elastic TPE contribution dominates, and the
size of the inelastic TPE contributions is within the antici-
pated error of the forthcoming data.
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1 Introduction
The present measurements of the proton charge radius from
muonic hydrogen spectroscopy [1,2] differ by a puzzling
7σ from the radius value extracted from the hydrogen spec-
troscopy [3] and the elastic electron–proton scattering data
[4]. This huge discrepancy, which has become known as
the “proton radius puzzle”, see Ref. [5] for a recent review,
has led to intense theoretical and experimental activity in
recent years. So far it has defied an explanation which could
bring all three experimental techniques in agreement with
each other. To shed further light on this puzzle, several new
experiments involving muons are being planned. Their aim
is to test the lepton universality in the interaction of a lep-
ton with a proton. One can compare the elastic scattering
of electrons and muons on the proton target and measure
the proton charge radius in the muon–proton elastic scat-
tering in a similar way as was done in the electron–proton
elastic scattering [4,6]. Such an elastic scattering experiment
is presently being planned by the MUSE collaboration [7].
Complementarily, one can also compare the electron and
muon pair photoproduction on the proton as proposed in [8].
These experiments should be performed at the 1 % level or
better of experimental accuracy in order to have an impact on
the observed discrepancy in the proton charge radius. Such
a level of precision therefore calls for studies of the higher
order corrections in such processes, as the corrections to cross
sections suppressed by one power in the fine-structure con-
stant α = e2/(4π) ≈ 1/137 are also in the 1 % or few
% range. In particular it requires studies of the two-photon
exchange (TPE) correction to the unpolarized lepton–proton
elastic scattering for the case when the mass of the lepton
cannot be neglected relative to its momentum. In a previ-
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ous work [9], we have performed an estimate of the leading
TPE contribution from the proton intermediate state, and pro-
vided estimates for the MUSE experiment. In this work we
account for the inelastic intermediate states, i.e. all possi-
ble intermediate states in the TPE box graphs beyond the
proton state. As our aim is an estimate of such corrections
for the MUSE experiment, which corresponds with very low
momentum transfers, we will estimate the inelastic TPE cor-
rections through the near forward doubly virtual Compton
scattering process [10]. The essential hadronic information
is contained in the unpolarized proton structure functions
and in one subtraction function. We clarify the TPE correc-
tion coming from the subtraction function, and we provide an
empirical determination of the subtraction function based on
the high-energy behavior of the forward Compton amplitude
T1.
The plan of the present paper is as follows. We review
the elastic TPE contribution to the unpolarized lepton–
proton scattering in Sect. 2, and derive a low momen-
tum transfer expansion accounting for all terms due to the
non-zero lepton mass. We subsequently discuss the for-
ward unpolarized doubly virtual Compton scattering pro-
cess which will serve as our starting point in the deter-
mination of the inelastic TPE corrections in Sect. 3. We
evaluate the TPE correction due to the subtraction func-
tion in the forward Compton amplitude T1, and we pro-
vide an empirical determination of the subtraction func-
tion from data in Sect. 4. We provide the expressions
for the inelastic TPE correction coming from the unpo-
larized proton structure functions and present the results
of our numerical evaluation for the muon–proton elas-
tic scattering in Sect. 5. Our conclusions are given in
Sect. 6.
2 Elastic TPE contribution
In this work we study the TPE correction at low momentum
transfer to unpolarized elastic scattering of a charged lepton
with mass m and initial (final) momentum k (k′) on a proton
with mass M and initial (final) momentum p (p′); see Fig. 1
for the notations of kinematics and helicities. In this work,
we consider the region of small squared momentum transfer
Q2  M2, ME , where E is the lepton beam energy (in the
lab frame) and Q2 = − (k − k′)2.
We define the TPE correction δ2γ from the difference
between the expected cross section σ exp and the cross section
in the one-photon exchange (OPE) approximation σ1γ :





corresponding with first order corrections in the fine structure
constant α = e2/ (4π), with e the unit of electric charge.
Fig. 1 TPE graph in elastic lepton–proton scattering
In the low Q2 region, the dominant contribution to the
TPE graph of Fig. 1 results from the proton intermediate
state (elastic contribution). We have fully calculated this con-
tribution in a previous work [9]. In this section, we start by
studying the quality of some approximate expressions for the
elastic contribution in the low Q2 limit, for which analytical
expressions can be provided.
The first TPE estimate is due to Feshbach and McKinley
[11], who calculated the TPE contribution, corresponding
with Coulomb photon couplings to the static proton (i.e. two
γ 0 vertices). This so-called Feshbach term contribution to
δ2γ in Eq. (1) is denoted by δF and can be expressed through
the scattering angle in the laboratory frame θ and the lepton
velocity v as
δF = παv sin θ/2 (1 − sin θ/2)
1 − v2 sin2 θ/2 . (2)
As a next step, one may consider the TPE correction in the
scattering of two point-like Dirac particles (corresponding
with two γ μ couplings). In Appendix A we provide some
analytical expressions of this contribution in the limit of small
Q2  M2, M2(E2 − m2)/s, with the center-of-mass frame
squared energy s = M2 + m2 + 2ME , both for the cases
when Q2  m2; see Eqs. (A6)–(A8), and when Q2 and m2
are of similar size, see Eq. (A9).
We show in Fig. 2 (left panel) the comparison between
the Feshbach term, the TPE contribution for point-like Dirac
particles, and the TPE for a point-like proton, with inclu-
sion of the magnetic moment contribution. It is seen that the
Feshbach correction of Eq. (2) with account of the recoil cor-
rection factor (1 + m/M) describes the result for point-like
Dirac particles quite well in the kinematics of the MUSE
experiment.
We also show in Fig. 2 (right panel) the effect of the proton
FFs, according to the full numerical calculation of Ref. [9]. In
the low Q2 kinematics of the MUSE experiment, the inclu-
sion of the FFs provides a reduction of the TPE by around
40 % at Q2 ≈ 0.025 GeV2, consequently one should use the
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elastic TPE
























0 0.005 0.0150.010 0.020 0.025
Fig. 2 Left panel TPE correction for the case of a point-like proton,
compared with the case when one neglects the magnetic moment (Dirac
particle), as well as the Feshbach result (corresponding with Coulomb
photon exchange). Right panel TPE correction for the case of the proton
with electric and magnetic form factors of the dipole form. We compare
the box graph calculation with the Feshbach term corrected by the recoil
correction 1 + m/M
full numerical calculation of Ref. [9] (corresponding with the
elastic TPE result in Fig. 2) in MUSE kinematics.
3 Forward unpolarized doubly virtual Compton
scattering tensor
The TPE contribution, δ2γ , for the muon–proton scatter-
ing process is in general given by the interference of the
one-photon exchange amplitude (T OPE) and the two-photon


























where GE (GM) are the proton electric (magnetic) form fac-
tors, respectively, and with kinematical quantities τ and ε0
defined as in Eq. (A3). The interference between the OPE and
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pˆ + M)α(Q2)( pˆ′ + M)
}
, (5)
with all momenta defined as in Fig. 1, where q˜ is the loop-
momentum over which one integrates, and where α denotes
the on-shell proton electromagnetic vertex:




with FD (FP) the Dirac (Pauli) form factors of the proton,
respectively. Furthermore in Eq. (5), Mμν denotes the proton
doubly virtual Compton scattering tensor.
The main aim of the present work is to quantitatively esti-
mate the inelastic TPE contribution in the low Q2 region,
corresponding with the MUSE kinematics. For this purpose,
we will approximate the hadronic tensor Mμν in Eq. (5)
by the forward doubly virtual scattering (VVCS) tensor.
The unpolarized forward VVCS process γ ∗(q˜) + p(P) →
γ ∗(q˜) + p(P) is described by two invariant amplitudes T1
























with the photon energy ν˜ = (P · q˜) /M and the squared pho-
ton virtuality Q˜2 ≡ −q˜2. The absorptive parts of the ampli-
tudes T1 and T2 are related to the proton structure functions
F1 and F2 by












In this work, we will approximate the unpolarized tensor
Mμν entering Eq. (5) for the process γ ∗(q1 = q˜ + q/2) +
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p(P − q/2) → γ ∗(q2 = q˜ − q/2)+ p(P + q/2) in the low
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× T2 (ν˜,−q1 · q2) . (9)
By using the electromagnetic gauge invariance of the lepton
tensor,
qν1 Lμνα = 0, qμ2 Lμνα = 0, (10)
































which is the tensor form which we will use in our evaluations
of δ2γ .
The real part of the amplitude T1 can be expressed through
a subtracted dispersion relation (DR) as integral over the
invariant mass W 2 of the intermediate hadronic state as
T1(ν˜, Q˜2)



















with the pion–proton inelastic threshold: W 2thr = (M + mπ )2
≈ 1.15 GeV2, where mπ denotes the pion mass, and where
Tsubt1 (0, Q˜
2) is the subtraction function at ν˜ = 0. The real
part of the amplitude T2 can be obtained from an unsubtracted
DR:












(P + q˜)2 − W 2 + iε
) (
(P − q˜)2 − W 2 + iε
) ,
(13)
In Eqs. (12) and (13), the Born contributions to the unpolar-
ized Compton amplitudes TBorn1 and T
Born
2 , due to the proton
intermediate state, are given by


















Q˜4 − 4M2ν˜2 . (15)
Note that in the derivation of a DR as given e.g. in Eq. (12)
the elastic (nucleon pole) term contribution, given by only
the first term of Eq. (14), correctly appears. This pole contri-
bution differs from the Born term by
TBorn1 (ν˜, Q˜





As this is an energy (ν˜) independent function, we have
absorbed it in the definition of Tsubt1 (0, Q˜
2), which in Eq.
(12) is defined as
Tsubt1 (0, Q˜
2) ≡ T1(0, Q˜2) − TBorn1 (0, Q˜2) ≡ Q˜2β(Q˜2).
(17)
The advantage of expressing the amplitude T1 w.r.t. to its
Born contribution, results from the fact that the non-Born
amplitude in Eq. (17) starts at Q˜2 and is usually parametrized
in terms of polarizabilities, i.e. the function β(Q˜2) at Q˜2 =
0 is given by the magnetic polarizability βM : β(0) = βM
[13,21].
In order to evaluate the inelastic TPE contribution using
the forward non-Born VVCS amplitudes, we will need the
information on the proton structure functions F1 and F2 as
well as to specify the subtraction function in Eq. (17), which
is parametrized through the function β(Q˜2). We will evalu-
ate the subtraction function contribution in Sect. 4, and the
dispersive contribution due to the structure functions F1 and
F2 in Sect. 5.
4 Subtraction function contribution to TPE correction
In the present section we will discuss the TPE correction due
to the subtraction function Tsubt1 (0, Q˜
2). For this purpose,
we will compare three different estimates for β(Q˜2) defined
through Eq. (17). At low Q2 we will use existing estimates
from heavy-baryon and baryon chiral perturbation theory.
Furthermore, we will provide an empirical determination of
β(Q˜2), based on the high-energy behavior of the Compton
amplitude.
4.1 Heavy-baryon ChPT subtraction function
First of all, we show the fit of Ref. [13] obtained by matching
the heavy-baryon chiral perturbation theory (HBChPT) result
123
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to a dipole behavior:
β(Q˜2) = βM(
1 + Q˜2/2
)2 ,  = 530 − 842 MeV, (18)
with the value of the magnetic polarizability βM = (2.5 ±
0.4) × 10−4 fm3 taken from PDG [14]. For the purpose of
showing error bands in our numerical estimates, we choose
the lower and upper edges of such bands to correspond with
the values:  = 530 MeV, βM = 2.1 × 10−4 fm3 and
 = 842 MeV, βM = 2.9 × 10−4 fm3, respectively. The
resulting bands for Tsubt1 (0, Q˜
2) are shown in Fig. 3, and
correspondingly for β(Q˜2) in Fig. 4 (blue bands).
4.2 Baryon ChPT subtraction function
Second, we also show the prediction for β(Q˜2) result-
ing from the covariant baryon chiral perturbation theory
(BChPT) [15], with β decomposed as
β(Q˜2) = βπN (Q˜2) + β(Q˜2) + βπ(Q˜2), (19)
empirical result
Birse et al.
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Fig. 3 The empirical subtraction function of Eq. (26) in comparison
with the subtraction functions from HBChPT of Birse et al. [13], and
from BChPT [15]
Birse et al.
BChPT πN+ Δ+ πΔ
empirical result
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Fig. 4 The empirical estimate for the magnetic polarizability β(Q˜2),
based on Eqs. (17) and (26) compared with the HBChPT result of
Birse et al. [13] normalized to the PDG value β(0) = (2.5 ± 0.4) ×
10−4 fm3 [14], and with the BChPT result [15]
with βπN (Q˜2) the O(p3) diamagnetic polarizability con-
tribution from πN loops given by Eq. (22) of Ref. [15],
β(Q˜2) the paramagnetic contribution of the -resonance
to the magnetic polarizability [16] and βπ(Q˜2) the O(p7/2)
at p  mπ diamagnetic polarizability contribution from π
loops [16].
In Fig. 3, we compare the heavy-baryon and baryon ChPT
predictions for Tsubt1 (0, Q˜
2). Notice that the HBChPT value
of β(0) is taken from a fit to data (PDG 2014) whereas the
baryon ChPT value of β(0) results from the sum of the pos-
itive paramagnetic part due to the s-channel -excitation
β(0)  7 × 10−4 fm3, and the negative diamagnetic part
due to πN and π loops, i.e. βπN (0) = −2×10−4 fm3 and
βπ(0) = −1.2 × 10−4 fm3.
4.3 Empirical determination of the subtraction function
In this section, we discuss an empirical estimate of the func-
tion β(Q˜2) at non-zero Q˜2 from experimental information
on inelastic electron–proton scattering. Following the idea
of Refs. [17,18], the subtraction function can be obtained
from an unsubtracted dispersion relation for the amplitude
T1(ν˜, Q˜2) − TR1 (ν˜, Q˜2), where TR1 denotes a Regge ampli-
tude which is chosen such as to match the high-energy behav-
ior of the amplitude T1, i.e. T1 − TR1 → 0 for ν˜ → ∞.1 The



















sin π (α0 − 1)
×
{
(ν˜0 − ν˜ − iε)α0−1 + (ν˜0 + ν˜ − iε)α0−1
}
, (20)
with the intercept α0 > 0, ν˜0 is a reference hadronic scale
which is used as a free parameter and γα0(Q˜
2) are the Regge


















1 This assumes that T1(ν˜, Q˜2) does not have a fixed-pole behavior when
ν˜ → ∞.
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The Regge residues γα0(Q˜
2) can be obtained by performing
a fit to inclusive electroproduction data on a proton. In our
work we use the Donnachie–Landshoff (DL) high-energy fit








where the values of the Regge intercepts α0 and the residue
functions γα0(Q˜
2) are detailed in Appendix B.
By comparing Eqs. (21) and (22) we notice that the second
term in Eq. (21) is chosen such that for the Regge trajectory
with 1 < α0 < 2 (“Pomeron”):
F1(ν˜, Q˜
2) − FR1 (ν˜, Q˜2) ∼˜
ν
ν˜α0−2, (23)
whereas for the Regge trajectory with 0 < α0 < 1
(Reggeon):
F1(ν˜, Q˜
2) − FR1 (ν˜, Q˜2) ∼˜
ν
ν˜α0−1. (24)
This ensures that in all cases the quantity [F1(ν˜, Q˜2) −
FR1 (ν˜, Q˜
2)] → 0 when ν˜ → ∞.
Consequently, one can write down an unsubtracted dis-
persion relation for T1 − TR1 at fixed Q˜2 as:
T1(ν˜, Q˜








T1(ν′, Q˜2) − TR1 (ν′, Q˜2)
]
ν′2 − ν˜2 . (25)
Using Eqs. (8), (16), and (17), this yields an expression for
Tsubt1 (0, Q˜
2) which, expressed in terms of W 2 ≡ 2Mν′ +
M2 − Q˜2, is given by
Tsubt1 (0, Q˜















(W 2−M2+ Q˜2)/(2M), Q˜2
)
W 2−M2+ Q˜2 dW
2,
(26)
where the lower integration limit in Eq. (26) sthr is given by
sthr =min
(




corresponding with a branch cut of F1 starting at W 2thr and a
branch cut of FR1 starting at s0. Eq. (26) allows one to quanti-
tatively estimate the subtraction function given the structure
function F1, the Regge fit determining FR1 of the form of Eq.
(21), as well as the corresponding value of TR1 (0, Q˜
2), which


















sin π (α0 − 1) ν˜
α0−1
0 , (28)
and is also fully determined by the Regge fit.
In our numerical evaluation of Eq. (26), we describe the
proton structure function F1 in the resonance region by the
fit performed by Christy and Bosted (BC) [20]. This fit is
valid in the following region of kinematic variables: 0 <
Q˜2 < 8 GeV2, and W 2 < 9.61 GeV2 ≈ 10 GeV2. For the
dispersion integral in Eq. (26) we connect the BC fit with the
DL high-energy fit starting from W 2 = 10 GeV2. The latter
fit is described in Appendix B. The resulting proton structure
function F1 is shown in Fig. 5 as it enters the integral of
Eq. (26). We add a 3 % error band to the BC fit [20] and
use the same error estimate for all Regge pole residues. We
notice that at low values of Q˜2, both fits either overlap or
are very close around the matching point W 2 ≈ 10 GeV2.
With increasing values of Q˜2 there is a slight mismatch in
both fits around W 2 = 10 GeV2, which is due to the fact that
the BC fit has not accounted for the HERA high-energy data,
and the DL fit has not accounted for the lower W data. Even
though a combined fit of all data would be very worthwhile,
or a smooth interpolating procedure between the BC and DL
fits could easily be performed, for our purpose we will only
need data at lower value of Q˜2 up to about 1 GeV2. For this
purpose, we can just split the W 2 integral entering Eq. (26)
in a region W 2 < 10 GeV2 where we will use the BC fit and
a region W 2 > 10 GeV2 where we will use the DL fit.
In Fig. 6, we demonstrate explicitly the vanishing high-
energy behavior of the quantity F1–FR1 , which is the neces-
sary condition for the unsubtracted DR of Eq. (26) to hold.
We furthermore provide another consistency check of our
numerical implementation. As the Regge function TR1 of
Eq. (20) has an arbitrary scale ν˜0 (or equivalently s0), the total
result should not depend on the specific choice of this param-
eter. We demonstrate this in Fig. 7, where we illustrate how
the s0 dependence of the individual contributions in Eq. (26)
adds up to yield the total result which is independent of s0.
In Fig. 3 we present the empirically extracted subtrac-
tion function Tsubt1 (0, Q˜
2) of Eq. (26) and compare it with
the subtraction functions of Refs. [13,15]. The subtraction
function Tsubt1 (0, Q˜
2) should vanish linearly when Q˜2 → 0
according to Eq. (17). This general property therefore pro-
vides a quality check on the accuracy of an empirical deter-
mination as described above. One notices from Fig. 3 that
the value of Tsubt1 at Q˜
2 = 0 is compatible with zero within
1–1.5 σ . We would like to notice, however, that at present
such empirical determination can unfortunately only give the
correct order of magnitude of Tsubt1 (0, Q˜
2). This is partly due
to the non-perfect match between the proton F1 fits for the
123












































































































Fig. 6 High-energy behavior of the function F1–FR1 for the fixed value s0 = 1 GeV2
resonance region and the large W region, as we have shown
in Fig. 5. Despite this caveat, it seems, however, that with
increasing Q˜2, Tsubt1 (0, Q˜
2) changes sign in the range some-
where between 0.1 and 0.4 GeV2, which may be an indication
of the range up to which the ChPT-based results can be used.
To provide a more accurate determination of the functional
dependence of Tsubt1 (0, Q˜
2), a combined fit of all proton F1
structure function data over the whole range of W , incorpo-
rating the Regge behavior at large W would be desirable. At
intermediate values of Q2, below and around 1 GeV2, this
will also require one to have more accurate data in the inter-
mediate W range between 3–10 GeV. In the lower end of
this range, such data can be provided by the JLab 12 GeV
facility.
Using our empirical determination of Tsubt1 (0, Q˜
2), we
can extract β(Q˜2) dividing Tsubt1 (0, Q˜
2) by Q˜2 according
to Eq. (17). For the purpose of combining our empirical esti-
mate of Tsubt1 (0, Q˜
2) with the empirical value of β(0) as
determined from RCS, we use the central curve in the empir-
ically determined error band of Tsubt1 (0, Q˜
2) (green band in
Fig. 3) to extract β(Q˜2) in the range Q˜2 > 0.12 GeV2, and
extrapolate it by a linear function to the PDG value of βM at
Q˜2 = 0. The resulting curve is displayed in Fig. 4. We will
use the latter curve in the following to provide an empirical
estimate for the subtraction function contribution to the TPE
correction for the muon–proton elastic scattering at small
momentum transfer.
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Fig. 7 The contribution of the individual terms in Eq. (26) to
Tsubt1 (0, 0) as a function of s0. Dashed curve the dispersion inte-
gral contribution from the BC fit ∼ ∫ 10 GeV2W 2thr (F
BC
1 − FR1 ). Dashed-
dotted curve the dispersion integral contribution from the DL fit ∼∫ ∞
10 GeV2 (F
DL
1 − FR1 ). Dotted curve the dispersion integral contribution
∼ − ∫ W 2thrs0 FR1 due to FR1 . Dashed double-dotted curve the contribution
from the real part T R1 (0, 0) according to Eq. (28). Solid curve sum of
all terms in Eq. (26), yielding the s0-independent value of T subt1 (0, 0)
4.4 TPE correction from the subtraction function
Using Eqs. (3)–(5), we can now estimate the TPE correction
due to the Tsubt1 (0, Q˜
2) contribution to the first term in the
hadronic tensor of Eq. (7). Performing the traces in Eq. (5)
explicitly, the subtraction function results in the following




































Q2 (P · q˜)








where the lepton (photon) propagators ±K (
±
Q) are defined
as in Eq. (A5). The second term within the curly brackets of









































making explicit the overall proportionality of δsubt2γ to the
squared lepton mass m2.
The integration in Eq. (30) is performed through a Wick
rotation, as detailed in Appendix C, and the resulting TPE
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in terms of the dimensionless variable x = 4Q˜2/Q2 with the
weighting function f (x, a):
f (x, a) = −2x
(1−x)
√




























z = 1 − x −
√
(1 + x)2 + 4ax
2
√
1 + a ,
xmin = −
(√
1 + a − √a
)2




At low momentum transfers the result of Eq. (31) starts from
a term proportional to Q2. We show the x (or Q˜2) dependence
of the weighting function of Eq. (32) in Fig. 8.
The TPE contribution due to the subtraction function also
provides a correction to the 2S–2P muonic hydrogen Lamb
shift, which is the largest hadronic uncertainty in this pre-
cise quantity [1,2]. Using the ChPT-based results for β(Q˜2)
as input, this TPE correction was estimated in Refs. [13,15]
and found to be too small to resolve the proton radius puzzle.
Q2 = 0.001 GeV2
Q2 = 0.01 GeV2
Q2 = 0.03 GeV2











0 1 2 3 4 5 6 7 8 9 10
Fig. 8 The weighting function f of Eq. (32) for the range of Q2 values
of the MUSE experiment
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The correction from the above discussed empirically deter-
mined subtraction function to the 2S energy level in muonic
hydrogen, after integration up to Q˜2 = 1 GeV2, yields:2
E subt2S ≈ (2.0 − 2.3) μeV, (34)
which is in fair agreement with the estimate of Birse et al.
[13], though slightly smaller: E subt2S ≈ 4.2 ± 1.0 μeV. Our
result of Eq. (34) is also within errors of the analogous eval-
uation of Ref. [22], where the authors assumed the existence
of a J = 0 fixed pole. It was speculated in Ref. [23] that
to explain the proton radius puzzle would require a huge
enhancement of β(Q˜2) at large Q˜2. In order to account for the
experimentally observed discrepancy in E2S of around 310
μeV [5], it would require an around two orders of magnitude
larger TPE correction than the naturally expected result from
the ChPT estimates. For this purpose, an ad hoc subtraction
function, proposed to be added as an extra contribution on
top of the ChPT-based subtraction functions discussed above,












M0 = 0.5 GeV, 0 = 3.92 GeV. (35)
In such a scenario, the large Q˜2 region would also dominate
the TPE correction to the muon–proton elastic scattering, and






















where the last step gives the approximate expression in the
limit Q2  M2, ME, E2. This approximation corresponds
in magnitude with the result of Ref. [23] for μ− p scattering,
however, it differs by an overall sign.
In Fig. 9 we compare the TPE correction to elastic muon–
proton scattering (for MUSE kinematics) due to the above
discussed ChPT as well as empirically determined subtrac-
tion functions. To estimate the size of uncertainties of the
BChPT result [15], we plot a band corresponding with a
variation of the upper integration limit in Eq. (31) between
Q˜2 = 0.9−5 GeV2. We notice that the HBChPT and BChPT
results are in agreement within their uncertainties.
The TPE correction due to the empirically extracted sub-
traction function is also shown on Fig. 9, giving a similar
2 Note that for the total TPE correction to the muonic hydrogen 2S
level one needs to add to the subtraction function contribution also the
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Fig. 9 Subtraction function contribution to the TPE correction in elas-
tic muon–proton scattering for the muon lab momentum k = 153 MeV.
Blue band result for the HBChPT-based subtraction function [13]. Pink
band result for the BChPT-based subtraction function [15].Dashed dou-
bly dotted (green) curve result based on the empirical subtraction func-
tion, corresponding with the dashed doubly dotted curve in Fig. 4. Solid
curve result based on the conjectured subtraction function of Ref. [23].
The (black) dashed-dotted curve is the Feshbach term of Eq. (2) for a
point-like Dirac particle corrected by the recoil factor (1 +m/M). The
sign labels on the curve show the sign of the corresponding expressions
for μ− p scattering
Birse et al.
BChPT πN+ Δ+ πΔ
empirical β(Q2)
Q2 = 0.01 GeV2
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Fig. 10 The dependence of the integral of Eq. (31) on the upper integra-
tion limit Q˜2max for three different estimates of the subtraction function
β(Q˜2) as described in the text
though slightly smaller result. This can be understood as the
empirically determined β(Q˜2) changes sign as a function
of Q˜2. The region of Q˜2 contributing to the above result is
shown in Fig. 10. One sees that the TPE integral has largely
converged for an upper integration limit value of around
Q˜2max ∼ 1 GeV2.
In Fig. 9, we furthermore also show the TPE correction to
elastic muon–proton scattering resulting from the subtraction
function conjectured in Ref. [23] to explain the proton radius
puzzle through enhancing the TPE corrections by nearly two
orders of magnitude. Even though the weighting functions
entering the TPE corrections in the muonic hydrogen Lamb
shift and the elastic muon–proton scattering are different, one
notices from Fig. 9 that the subtraction function of Ref. [23]
also yields a nearly two order of magnitude larger TPE cor-
rection for the elastic muon–proton scattering. To put this
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in perspective, we also display in Fig. 9 the model inde-
pendent estimate of the elastic TPE contribution, which has
to be added on top of the inelastic TPE contribution, and
which is due to the Feshbach term of Eq. (2) corrected by
the recoil factor (1 + m/M). One notices that the use of
such large subtraction function would yield an inelastic TPE
correction to elastic muon–proton scattering which in magni-
tude already would exceed the elastic Feshbach contribution
around Q2 = 0.02 GeV2, and would increase further with
increasing Q2.
5 Inelastic contribution to TPE correction
Besides the subtraction function contribution, the inelastic
TPE correction to elastic muon–proton scattering includes
the contribution of the DR integrals in Eqs. (12) and (13).
Using Eqs. (3) and (4) and working out the traces in Eq. (5),
the corresponding contributions from the unpolarized proton
structure functions F1 and F2 to δ2γ are given by
δ
F1
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. (39)
Our numerical studies of the inelastic TPE contribution
indicate that, in the limit Q2  m2, M2, ME , the momen-
tum transfer expansion starts with a Q2 term and con-
tains no Q2 ln Q2 type of non-analyticity. This is unlike the
elastic electron–proton scattering case, where in the limit
m2  Q2  M2, ME a non-analytic behavior of the type
Q2 ln Q2 is present at low Q2 [10,12].
To provide numerical estimates of the inelastic TPE con-
tribution to elastic muon–proton scattering due to the dis-
persion integrals, we express the corresponding integrals of
Eqs. (37) and (38) in the form
δ
F1,F2
2γ = δF12γ + δF22γ =
∞∫
W 2thr
f (W ) dW 2. (40)
In Figs. 11, 12 we compare the W dependence of the inte-










e- p, F1 and F2 result
μ- p, F1 and F2 result
k = 210 MeV
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Fig. 11 W dependence of the integrand f (W ), which determines the
inelastic TPE correction, as given by Eq. (40). The integrand is shown
for the case of e− p and μ− p elastic scattering. The external kinematics
(indicated on the plots) correspond with the MUSE experiment
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Fig. 12 Same as Fig. 11, but for the lepton momentum k = 115 MeV
ing processes. As input for the proton structure functions F1
and F2, we use the fit performed by Christy and Bosted [20].
We find that the Q˜2 integrations are well saturated when per-
formed up to Q˜2 = 8 GeV2, which is the largest value cov-
ered by the BC fit. As a test, we extended the BC fit beyond
its fit region and found that the relative contribution from the
region 8 GeV2 < Q˜2 < 12 GeV2 is smaller than 0.015 %.
Figures 11, 12 show results in different kinematics corre-
sponding with the MUSE experiment. The TPE corrections
to e− p are sizeably larger than for the μ− p case at low Q2.
With increasing Q2, the μ− p TPE corrections increase, as is
evident from the result at lower beam momentum in Fig. 12,
where at Q2 = 0.03 GeV2 both corrections reach similar
sizes. We furthermore notice in Fig. 11 that the integrand for
the elastic e− p scattering displays a narrow peak correspond-
ing with the quasi-real photon singularity (for both photons),
see Ref. [10], which is absent for the μ− p case.
To estimate the inelastic TPE correction to elastic lepton–
proton scattering, we find that the W integration in Eq. (40)
is well saturated when performed up to 3.1 GeV, which is the
largest value covered by the BC fit. When again extending
the BC fit beyond its fit range, for the purpose of a test,
we checked that the relative contribution from the region



















empirical  T1 subtraction
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Fig. 13 TPE correction for μ− p elastic scattering for three different
muon lab momenta as planned in the MUSE experiment. The TPE
correction due to the subtraction function is shown for three subtrac-
tion function inputs: Birse et al. [13] (blue bands), BChPT [15] (solid
curves), and the empirical determination as described in Sect. 4 (dashed
doubly dotted curves). The inelastic TPE correction due to the disper-
sion integrals over the proton structure functions F1 and F2 is shown
by the dashed-dotted curves. The resulting total inelastic TPE correc-
tion (sum of both) is shown by the green bands using the subtraction
function of Birse et al.
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Fig. 14 The total TPE correction for μ− p elastic scattering is shown
as sum of the elastic TPE, the TPE correction from the F1 and F2
proton structure functions and the TPE correction from the subtraction
function of Ref. [13]. It is compared with the Feshbach term for point-
like particles, see Eq. (2), corrected by the recoil factor (1+m/M), the
elastic contribution based on the box graph evaluation with dipole form
factors [9] and the e− p total TPE correction [10]
3.1 GeV < W < 4 GeV to δF1,F22γ is smaller than 1.5 %.
We estimate the uncertainties of the numerical integration
coming from the integration regions outside the BC fit and
from the inaccuracies in the BC fit at 5–6 % level.
The resulting inelastic TPE corrections for the elastic
μ− p scattering process are shown in Fig. 13 as a function
of Q2 for three values of muon beam momentum, corre-
sponding with the MUSE kinematics. Note that the muon
beam lab momenta k = 115 MeV, k = 153 MeV, and
k = 210 MeV, correspond with the kinematically allowed
regions of Q2 < 0.039 GeV2, Q2 < 0.066 GeV2, and
Q2 < 0.116 GeV2, respectively. We notice that for the small
momentum transfers corresponding with the MUSE kinemat-
ics, the inelastic TPE corrections to elastic μ− p scattering
are very small, in the range of δ2γ ∼ 5 × 10−4. This is well
below the anticipated cross section precision of around 1 % of
the MUSE experiment. Furthermore, we notice that the TPE
corrections due to the subtraction function and the dispersive
F1, F2 structure function integrals come with opposite signs,
leading to a partial cancellation.
We present in Fig. 14 the total TPE correction as a sum
of the Born TPE correction of Ref. [9], corresponding with a
proton intermediate state, and the inelastic TPE of this work
using the subtraction function of Birse et al. [13]. We compare
our result with the Feshbach term of Eq. (2) for a point-like
Dirac particle corrected by the recoil factor (1+m/M), with
the elastic TPE correction based on the box graph evaluation
with proton form factors of the dipole form [9], and with
the corresponding TPE correction for elastic e− p scattering
of Ref. [10]. Contrary to the electron–proton scattering case,
where the subtraction function contribution is negligible [10]
as it is proportional to the lepton mass squared, in the case of
muon–proton scattering the inelastic proton structure func-
tion contribution is partially canceled by the T1 subtraction
function resulting in a negligibly small inelastic TPE correc-
tion for the MUSE kinematics. Only with increased lepton
beam energy or when going to larger Q2 values one needs to
start accounting for the inelastic TPE correction, which shifts
the total correction a little closer to the Feshbach result.
6 Conclusions
In this work we have estimated the TPE correction to muon–
proton elastic scattering at low momentum transfer. For
the elastic (proton) intermediate state contribution, we have
derived a low-momentum transfer expansion accounting for
all terms due to the non-zero lepton mass. Besides the elastic
contribution, we have accounted for the inelastic interme-
diate states by expressing the TPE process at low momen-
tum transfer approximately through the forward doubly vir-
tual Compton scattering. The input in our evaluation of the
inelastic TPE correction is given by the unpolarized proton
structure functions and by one subtraction function, corre-
sponding with the forward Compton amplitude T1 at zero
photon energy. For the latter, we have compared two esti-
mates based on heavy-baryon and baryon chiral perturbation
theory with an empirical determination. For the empirical
determination, we have expressed the subtraction function
through an unsubtracted dispersion relation for the amplitude
T1−TR1 . The function TR1 is suitably defined through a Regge
pole fit such that at high-energies (T1 − TR1 ) → 0, ensuring
convergence and applicability of the unsubtracted dispersion
relation. We have provided a numerical evaluation of the sub-
traction function based on a Regge fit of high-energy proton
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structure function data. It was found that the extracted sub-
traction function is compatible in magnitude with the chiral
perturbation theory calculations, and thus cannot explain the
proton radius puzzle through missing TPE corrections, which
would have required a total TPE correction which is larger
by around an order of magnitude compared with the empiri-
cal and chiral perturbation theory-based evaluations. Besides
the subtraction function, the second part of the inelastic TPE
contribution was obtained through dispersion integrals over
the unpolarized proton structure functions. For the latter, we
used a fit of the data in the proton resonance region. Using
our formalism, we have provided estimates for the total TPE
corrections in the kinematics of forthcoming muon–proton
elastic scattering data of the MUSE experiment. We found
that in the MUSE kinematics, the elastic TPE contribution
largely dominates, and the size of the inelastic TPE contribu-
tions is within the anticipated error of the forthcoming data.
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Appendix A: Elastic TPE contribution at small Q2
In this appendix we study the low momentum transfer limit
of the TPE correction due to the proton intermediate state.
The leading terms in the momentum transfer (Q2) expan-
sion arising from the proton intermediate state contribution
(elastic TPE) are given by the graphs with two point Dirac
couplings γμ in the lower blob of the diagrams in Fig. 1.
The doubly virtual Compton scattering (VVCS) tensor for a
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with ε the photon polarization parameter:
ε = E
2 − 2MEτ − M2τ
E2 − 2MEτ + M2τ + 2M2τ 2 − m2 (1 + τ) , (A2)








We have introduced the averaged lepton (proton) four-




k + k′) , P = 1
2
(
p + p′) , (A4)
and the propagator notation
±P =
1




(K ± q˜)2 − m2 ,
±Q =
1
(q˜ ± q/2)2 − μ2 , (A5)
where the photon mass μ plays the role of IR regulator.
When studying now the low-Q2 expansion Q2 
m2, M2, M2k2/s, of the expression of Eq. (A1) we find the
analog of the Feshbach term δF [11], the IR divergent piece
δIR2γ , and a logarithmic correction:
δ
QED
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k − E + m
k + E − m
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, (A8)
with the lepton momentum in the lab frame k ≡ |k|.
We also provide the more general expansion of Eq. (A1)
in the low-Q2 limit Q2  M2, M2k2/s, where Q2 needs
not be very small relative to the squared lepton mass. For
such an expansion, the leading Q2 terms are given by
δ
QED
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where Li2(x) denotes the dilogarithm function. The leading
IR divergent piece is given by Eq. (A8). In the limit Q2 
m2, the result of Eq. (A9) reduces to the expression of Eq.
(A6). When taking the massless limit m2  Q2 as limiting
case of Eq. (A9), we also recover the expressions of Refs.
[10,12].
Appendix B: Regge poles residues of the proton
structure function F1 from high-energy data
The high-energy limit (ν˜ very large at fixed Q˜2) of the proton










2) are the leading Regge poles residues, which
can be extracted from the high-energy inclusive electron–
proton scattering data. We will determine these residues from
the Donnachie–Landshoff (DL) fit [19] to data for the proton
structure function F2 in the region of very small Bjorken






































with parameters values (using GeV units for all mass scales)
[19]:
A0 = 0.00151, A1 = 0.658, A2 = 1.01,
Q20 = 7.85, Q21 = 0.6, Q22 = 0.214,
ε0 = 0.452, ε1 = 0.0667, ε2 = −0.476.
(B6)








1 + R , (B7)
where R ≡ σγ pL /σγ pT is the ratio of longitudinal to trans-
verse virtual photon absorption cross sections on a proton.
We will use the experimental result R0 = 0.23 ± 0.04 at
Q˜2 > 1.5 GeV2 from the H1 and ZEUS collaborations [24],
and approximate R in our numerical estimates by the follow-
ing expression, independent of W 2 ≡ 2M ν˜ + M2 − Q˜2:
R = R(Q˜2) = R0
(




−Q˜2 + 1.5 GeV2
)
, (B8)
where RBC(Q˜2) is value obtained in the Christy and Bosted
fit [20] evaluated at W 2 ≈ 2.63 GeV2. The latter corre-
sponds with the W 2 value for which the ratio R from the
BC fit RBC(Q˜2 = 1.5 GeV2) ≈ 0.23, and thus goes over
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R(Q2)
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Fig. 15 Q˜2 dependence of the ratio R = σγ pL /σγ pT . The experimental
result R0 = 0.23 ± 0.04 in the region Q˜2 > 1.5 GeV2 from H1 and
ZEUS [24] is connected with the ratio taken from the BC fit [20] (central
curve). The error band reflects the experimental uncertainty in the value
of R from the fit to the H1 and ZEUS data. The data points are from
Refs. [25–27]
into the H1/ZEUS value at Q˜2 > 1.5 GeV2. We use the rel-
ative uncertainties from the data of Ref. [24] in the whole
Q˜2 region. We show the resulting functional form of R(Q˜2)
in Fig. 15, and we compare its value with the data from
Refs. [25–27] in the range Q˜2 < 1.5 GeV2. We notice that
our parameterization of R yields good agreement with the
data.
Adopting the above Regge parameterization for F2, with
the ratio R from Eq. (B8), we obtain from Eq. (B7) for F1











Appendix C: Subtraction function TPE correction:
evaluation of integrals
The first integral in the subtraction function TPE correction










































The azimuthal angle integration is trivial, the polar angle
integration gives the same result for both terms of Eq. (C3),












We evaluate the integral conveniently in the lepton Breit
frame defined by
K = K (1, 0, 0, 0) , q = Q (0, 0, 0, 1) , (C5)
and perform the integral through a Wick rotation. The inte-
gration contour crosses the lepton propagator poles in this
frame during the Wick rotation, as detailed in Ref. [10]. The
integral of Eq. (C4) is given by the sum of the integral along
the imaginary axis, which we denote by I W1 , and the lepton
pole contribution, which we denote by I p1 .
The integral along the imaginary axis I W1 can be evaluated
by the Gegenbauer polynomial technique; see Appendix B of
Ref. [10] for some technical details. It results in an integral




















with the notation of Eq. (33).
The contribution of the pole q˜0 = K −
√
q˜2 + m2 +
iε, which is enclosed by the Wick rotation contour for the
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)2)
, (C7)
with a defined in Eq. (33). Note that the lower integration
limit in Eq. (C7) is given by
xmin = −
(√
1 + a − √a
)2
, (C8)
which has limits xmin → −1 for m2  Q2, and xmin →
− Q2
16m2
for Q2  m2.
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The integral from the first term can be obtained from the I1
integral of Eqs. (C6) and (C7) with


















The integral from the second term of Eq. (C10) can be per-
formed by the Gegenbauer polynomial technique for the





























with n = 1 for x < 1 and n = 0 for x > 1.
Summing up all contributions we obtain the result of Eqs.
(31) and (32).
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